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Vortex Dynamics Analysis of Unsteady Vortex Wakes
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An incompressible inviscid unsteady vortex dynamics analysis is presented to investigate the flow details for
a class of free and bounded shear flows. Using the unsteady vortex models developed for the starting vortex
behind sharp edges and the vortex street wakes, particle dynamics computations have been carried out to
determine the pathline and streakline patterns in each of these model flows. Based on these results, the energy
equation has been integrated along particle paths. The computations reconfirm that an instantaneous separation
of energy occurs in the wake. Another interesting phenomenon, termed the Eckert-Weise effect, where the near-
wake region contains essentially a cold flow, has also been computationally reobtained using the present vortex
model. Using a similar model, the wall-bounded vortex street wake problem has also been studied. The
computed results highlight the important dynamical effects of convecting unsteady vortex motion close to a wall,
which indicates that the inviscid entrainment effects play a vital role on the wall layer fluid eruption.

Introduction

O UR earlier work,1 treats the unsteady vortex motion with
emphasis placed on the study of streaklines and pathlines

in simple wake flows. By computing the pathlines and streak-
lines using inviscid vortex models, it was shown, therein, that
the illusions created by a naive observation of streaklines
alone can be obliviated by the simultaneous study of both
streaklines and pathlines. In the present paper, we pursue this
theme to investigate the important properties characteristic of
vortex-dominated flows.

In Ref. 2, physical arguments were presented to show that
the unsteady vortex motion in the wake is the primary cause of
the instantaneous energy separation in the wake. In addition,
experimental evidence and computational results, the latter
obtained by solving the laminar compressible Navier-Stokes
equations at low subsonic Mach numbers, verified the exis-
tence of hot and cold spots in the wake. Here, we revisit this
problem and re-examine the kinematics of the flow from the
present spirit of chasing fluid particles and evaluating the
changes in total temperature along their trajectories.

A pathline, defined by the equation dX/dt = U(X,t), is the
path of a fluid particle. The pathline could be used to deter-
mine the instantaneous behavior of the flow properties at a
given point lying on the locus of the particle. A streakline,
given by X = X(XQ,t,r)\ r<t, with the initial condition that
X = X0 at t - 7 represents the instantaneous position of all
fluid particles that started from a fixed point in space up to
that particular instant of time. The total temperature distribu-
tion displayed at points along all the streaklines yields the
instantaneous picture of the energy in the flowfield. To com-
pute the total temperature distributions, the energy or total
temperature equation has to be integrated along the particle
paths of each fluid particle.

An immediate consequence of this phenomenon of energy
redistribution in the wake is the aerodynamic cooling of the
wake, experimentally observed by Eckert and Weise3 more
than 40 years ago. In a recent article, Eckert4 (see also Ref. 5)
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rekindled the importance of energy separation in different
vortex dominated flows and explained techniques of exploit-
ing this energy separation in various flow machines. As
demonstrated previously in Ref. 2, it will be shown later, by
temporally averaging the instantaneous total temperature dis-
tribution obtained from following the fluid particles, that this
aerodynamic cooling of the wake is a consequence of the
instantaneous energy separation in the wake. This aerody-
namic cooling is not special to wakes alone, but is also true for
vortical structures prevalent in jets as well. Hence, by employ-
ing active methods of exciting these free shear layers, thus
strengthening the shear layer vortices, very efficient convective
cooling of many flow machinery components could be
achieved.

The next important study undertaken using the present un-
steady vortex model is the wall-bounded vortex street wake
flow. A simple inviscid model for this problem was developed
over half a century ago by Rosenhead.6 This model has been
extended herein to incorporate the unsteady effects. Only
uniform freestream flows have been considered in the present
study; the effects of wall boundary layers have also been
ignored from the present model. We will present the results of
the computed streaklines pattern, which clearly indicate that
the streaklines that resemble secondary vortices emanating
from the wall are primarily due to the entrainment effects of
the convecting unsteady vortices close to the wall.

Pathlines and Streaklines
In an unsteady flow, the knowledge of fluid-particle trajec-

tories is useful in correctly interpreting flow visualization pic-
tures. Indeed, if a suitable dynamical model could be devel-
oped to represent the flow under investigation; the particle
tracking is reduced to solving a system of nonlinear ordinary
differential equations in two or three dimensions. Typical of
these models are 1) a single inviscid vortex, 2) the vortex street
model for the wake flow, and 3) the single vortex row ap-
proach to represent the mixing layer between two streams of
unequal velocities or densities. Some examples of streakline
and pathline patterns for cases 1 and 2 have been presented in
Ref. 1. Here, we offer another example for case 3 and addi-
tional results for case 2.

Single Row of Vortices
The classical single row of infinite vortices is considered as

the first case for the present streakline study. This vortex
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configuration can be considered as a model for the initial
stages of the mixing layer that develops between two streams
of unequal velocities. The particle-path equation for this prob-
lem may be written in terms of nondimensional variables as

iy
dt - 01 CD

In Eq. (1),' z is a complex number, Us is the mean convection
velocity of the vortex row in which the vortices are at a
distance a apart, and y is the strength of the vortices in the
row. All quantities with an over bar represent complex conju-
gates. To integrate the preceding pathline equation and all the
subsequent ones, a sixth-order Runge-Kutta-Fehlberg7 scheme
with a seventh-order error criterion for step size control has
been utilized. Also, the time between successive particle re-
lease has been maintained to be very small, thus enabling an
accurate and wiggle-free pathline trace that subsequently
yields a smooth streakline pattern. The streakline pattern for
this simulated plane mixing layer is shown in Fig. la, which
very much resembles Fig. Ib (a photograph taken from Ref.
8). We note that the velocities induced by these vortices at
large lateral distances become Us ± (y/2a), respectively,
which represents a shear flow as a freestream. Note also that
the turning points discussed in Ref. 1 do appear in a single row
of vortices as well.

Double Row of Vortices
The complex potential for the Karman's infinite double row

of staggered vortices superposed on a uniform onset flow £/«,
is written (see Ref. 9) in a vortex fixed coordinate system as

W(z) = i

ijp
~2?

2-K sin -a

7T/ a ih
-{z -- + —a\ 2 2 (2)

where y and — y are the circulation of each vortex in the top
and bottom row and a and h are the longitudinal spacing
between the vortices of the same row and lateral distance

a)

Fig. 1 Streakline for a plane mixing layer: a) computed and b) flow-
visualization picture.8

between opposite rows, respectively. The street moves with a
uniform velocity

- tanh
2ira \ a

Since it is intended to study the streakline pattern in a labora-
tory coordinate system, it is necessary to change the equations
to this inertial frame of reference by superposing the vortex
velocity distance Usit. After proper nondimensionalization of
the equations and denoting the nondimensional variables as
the original variables, the particle path equation can be written
as

dz _ Uo* ( 1 iy f \^L(-_JL L\]
dt ~ Usi \h/a 2hUQO C° [ a \Z h/a + 2/J

- cot —U - —— •a \ h/a 2 2h/a (3)

and the vortex street velocity is once again written in the
laboratory coordinate system as

7 fh
1 - —H - tanh — (4)

The unknown parameters in these equations are the vortex
street spacing ratio (h/a) and the nondimensional Rankine
vortex circulation (y/hU^). We chose these values to be 0.18
and 2.234, respectively, which correspond to the experimental
data of Griffin and Ramberg10 for a circular cylinder wake at
a Reynolds number of 5 x 102. (The vortex cores were as-
sumed to be circular and of unit nondimensional diameter.)

Solving Eq. (3) for a particular initial condition, we com-
pute the pathline at any specific instant of time. By joining the
instantaneous location of all fluid particles released from the
same point at different initial time t0 we obtain the streakline
pattern at a particular time t\. The particle release points along
the y axis were chosen so as to exclude those particles that
would be engulfed into these Rankine vortex cores, in accor-
dance with the physical observation that fluid outside the core
cannot enter the core. Since vortices are modeled rather than
numerically captured, there is no need to analyze the numeri-
cal stability in the present computations. Figure 2a depicts the
streaklines for particles released from various >> locations. The
computed streaklines show good comparison with the flow
visualization results of Ref. 11, as shown in Fig. 2b. The
computed streaklines clearly highlight two families of turning
points as discussed in Ref. 1, which correspond to the relative
extrema of the distance between the particle release point and
the nearest vortex location. These details have also been ob-
served for the well-known case of Karman's vortex street with
spacing ratio, (h/a) = 0.281. In phase space, the streaklines
pattern in the neighborhood of the vortices indicate a limit-
cycle-like behavior for which the vortices act like attractors,
whereas the turning points behave like stable and unstable
foci.

To incorporate the viscous diffusion effects on the vortex
street, Schaefer and Eskinazi12 have proposed a scheme in
which they replaced the strength of each vortex in the vortex
street by the Lamb-Oseen exponential decay solution

= 70 1-exp

where 7 is the strength of the vortex at time / while its initial
strength was 70, r is the distance between the point of interest
and the vortex center, and v is the kinematic viscosity. In the
present work, a similar procedure is adopted; but we differ in
the technique in that a semi-infinite street of vortices with
exponential decay have been substituted in the place of con-
stant strength vortices from the original infinite Karman street
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Fig. 2 Streaklines for a vortex street wake, t\ = 3.75: a) computed;
and b) smoke flow-visualization photograph.11

as they cross the y axis. After introducing yet another nondi-
mensional variable v* = (*>/t/st/z), the particle path equation is
rewritten as

dz
dt

i 7
2hU0

tcot — U-- + -

a \ X 2 2X,

— exp ( — \z ~
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Fig. 3 Streakline in a viscous vortex street with Lamb's decaying
vortices.

system with the vortex strengths once again being ± 7. Early
work in this area was carried out by Rosenhead6 and Glauert13

while considering the wind-tunnel interference problem. In the
present study, we investigate the aspect of entrainment effects
of the convecting wake vortices moving close to a solid wall.
The study is essentially inviscid with the implicit understand-
ing that the effect of viscosity is confined to the vortex core
region and the region close to the wall.

The complex potential for the case of an infinite Karman
vortex street bounded between two channel walls at ± (c/2)
becomes

- i i / ^ ^sinh (jLti — ra)—
r= -oo | 2C

2ir
II cosh fa- ra)—\

r= -°° L 2CJ

Tf sinh

- exp{ - \z ~ -

+ a —— +

(5)

where we have replaced (h/a) by X and (ij/2-jr\hU(x) by a for
compactness and

where the product over r represents the contributions from all
positive vortices and that over s represents the contributions
from all negative vortices; ^\ and jn2 represent (z — ih/2) and
(z + ih/2), respectively. With the infinite sum replaced by a
semi-infinite sum and using the product formula for the hy-
perbolic functions and then letting

ira \
—h

we obtain

sin-

2?T
cos-

T r=l

and g = n -

with ri(0,l) = [t - int(f)] and r2 = max(0,ri - !/z). No account
for the effects of diffusion in the street velocity or the spacing
ratio itself have been made because the main interest here is to
evaluate the first-order diffusion effects only. As can be seen
from Fig. 3, the nature of the Streakline pattern computed
using Eq. (5) indeed did not change significantly.

Wall-Bounded Vortex Flows
Next, let us consider the case that the wake, represented by

an infinite vortex street with each vortex of constant strength
± 7, be confined between two solid walls. The presence of the
two walls can be modeled by a doubly infinite image vortex

COS • + <?r
(6)

This is the complex velocity potential for a wall-bounded
vortex street in a coordinate system moving with a vortex.

To find the complex potential in a laboratory coordinate
system, we need to displace the coordinates by the quantity
— U^t to all z positions in Eq. (6), where U^ is the velocity of
the wall-bounded vortex street in the positive x direction.
Using the substitution,

S = Or/r)Gii ~ U*)9 r? = Or/T)Gi2 - U&
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Eq. (6) becomes

Tf (1-:sn (1 - 2qlr cos2£ + qf

27T / r=c

COST; 11 (1 + 1qlr cos2r; + q*r

?~' cos2£

(7)

Thus, the equation for the particle path is given by

At U»d V V2ct/<

sin27/( ___. ) | + -(tanrj + cot|) (8)

where

~2=( l+ cos2£

The ratio of the vortex street velocity to the freestream veloc-
ity can be derived as

£/»

-£ 4 exp( — 2-jrrde)
- [ - exp( - 2-Kde)]- sinh(2irrd) (9)

with street height ratio d = (h/a), and wall height ratio
e =

Equation (8) can be expressed in terms of the Jacobian
elliptic functions, and series approximations for these sums
can be applied. Instead, we chose a direct approach but limit
the computations to a small number of vortices. The vortex
street parameters have been set to the values corresponding to
the unbounded vortex street case prescribed earlier. Although
the consideration of a uniform freestream is not quite correct
for a channel flow where the boundary layer exists on the
walls, it is a reasonable approximation for a fully developed
turbulent flow in the tunnel. Streakline and pathline patterns
for this wall-bounded vortex street problem have been com-
puted based on the previous unsteady vortex model. These

b)
Fig. 4 Streaklines for wall-bounded vortex wake at t\ — 3.25, indicat-
ing the effect of walls: a) c/h =3.0, streaklines close to walls show
eruption-like behavior and they switch sides; and b) c/h =6.0, streak-
lines nearly undisturbed.

particles were continuously released from different y locations
from x = 0. Figures 4a and 4b show the streakline pattern
corresponding to c values of 3.0 and 6.0 at the present time
t\ = 3.25. The streakline patterns for the particle released close
to a wall indicate the entrainment or eruption effect of the
convecting vortices. The corresponding pathline pattern is
given in Figs. 5a and 5b.

From the inviscid streakline computations presented in Figs.
4a and 4b and also verified by the flow visualization movie
obtained from the University of Tennessee Space Institute
(UTSI) water-tunnel facility, it seems almost certain that the
eruption-like appearances of the near-wall streaklines is
merely due to the inviscid entrainment effect of the vortices. It
is reiterated here that utmost care needs to be taken while
interpreting the physical motion based on the streakline obser-
vation alone.

Energy Distribution in a Vortex Street Wake
A puzzling observation that the total temperature in the

wake of a bluff body can become substantially lower then the
freestream value is manifested in Ref. 3, by the measurement
of negative recovery factors near the rearmost surface of a
bluff body at high subsonic Mach numbers. This aerodynamic
cooling phenomenon, known as the Eckert-Weise effect, has
recently been investigated in detail in Ref. 2, and its cause has
been pinned down to be the vortex shedding from the body. In
the present study (a summary of the detailed discussion given
in Ref. 14), we revisit this through the method of particle
tracking and show, once again, that the Eckert-Weise effect is
a consequence of the energy separation phenomenon that
occurs in the wake of bluff bodies.

The fundamental equation of interest is the frictionless
form of the energy equation, which can be written as (see Ref.
15)

or,
p dt

(10)

where Tt is the total temperature; cp, p, p, and t are the
specific heat at constant pressure, density, static pressure, and
time, respectively; and (D/Df) denotes total derivative. This

a)

b)

c)

d)
Fig. 5 Pathlines for a wall-bounded vortex wake: a) c//i=3.0,
ft = 0.0; b) c/h =3.0, *o = o.2; c) c/h =6.0, to = 0.0, and d) c/h =6.0,
to = 0.2.
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equation shows that in an inviscid unsteady flow the energy
distribution at any point is proportional to the sum of the rate
at which the instantaneous pressure changes have occurred
over the time it takes to reach that point. It is important to
realize that the unsteady nature of the flow implies that the
local energy is path dependent and, hence, the integration
should be carried out along particle paths.

Assuming an irrotational flow in the region outside the
vortex cores, we can once again associate a velocity potential
(f> for the two-dimensional unsteady flow. The unsteady pres-
sure term in Eq. (10) can be derived from the generalized
Bernoulli equation:

2 p 2

where q is the resultant velocity. With W = </> + i\[/ as the
complex potential and </> = (W + W)/29 the relation between q
and W becomes

After some algebra, we can write the unsteady pressure term
as

-^ = -(-}( T

p dt~ ~\2j\2hUj'\a

with V(t,z) defined as

[-' i - cot02) -
C/o

and

0!=- z-UA-%a

Substituting the previous equation for the unsteady pressure
term in the energy equation, Eq. (10), it becomes of the form

or,
"ot 2/\2hU.

y \ I h
IT (11)

Using the usual nondimensionalization and also introducing
the nondimensional total temperature as

r; = 2cpUst T,

the final form of the energy equation, with the nondimen-
sional variables and dropping the * becomes

DT,
(12)

Integrating Eq. (12) along pathlines, the change in the total
temperature between two positions over a certain time is given
by the relation

AT, = T, - T,0 = - P (* + *) Dt (13)

By fixing the total temperature of a particle at the release point
as zero, the Tt values at any other point along its trajectory,

c)
Fig. 6 Color plot showing Tt variations along pathlines at fi =
for various start times: a) ft = 0.0; b) ft = 0.2; and c) ft = 0.4.

Fig. 7 Computed streakline picture showing instantanous Tt distri-
bution in the vortex street wake at t\ = 3.75.

determined by the solution of Eq. (3), can be computed from
the previous integral equation.

The computed Tt variation along the pathlines released at
various y locations is shown in Fig. 6a-6c. Releasing of parti-
cles in Fig. 6a-6c were started at t0 = 0.0, 0.2, and 0.4, respec-
tively. It is important to note the significant differences in the
pathline pattern and the corresponding Tt values along the
pathline for various start times. The procedure for obtaining
the streakline pattern and the temperature values at each point
along the streakline are once again the same as just described.

A complete picture of the instantaneous total temperature
distribution in the vortex street wake can be obtained by
calculating the Tt values along streaklines. Figure 7 gives the
color-graphics picture of the total temperature distribution in
the wake at time t = 3.75. It is clearly seen that the center
portion of the wake is essentially cold and several spots of hot
flow exist at the outer edges of the wake near the vortices.
These results show good qualitative agreement with the nu-
merical solution of the Navier-Stokes equations (Fig. 10, Ref.
2). The numerical results in Ref. 2 were computed at a Mach
number of 0.35, whereas the present streaklines were com-
puted based on the incompressibility assumption and so the
two results cannot be directly compared. As pointed out in
Ref. 2, we note that for an incompressible flow, the distribu-
tion of total temperature in the wake is equivalent to that of
the total pressure.

With the energy separation in the vortex wake thus repro-
duced similar to Ref. 2 using the present unsteady vortex
model, the temporal average of these instantaneous Tt distri-
butions in the wake has been considered next. This study is
aimed at simulating the aerodynamic cooling phenomenon
described earlier. We will demonstrate here that the Eckert-
Weise effect is only a time-averaged result of energy separa-
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Fig. 8 Color graphics giving the temporal average of Tt distribution
in the vortex street wake at t\ = 3.0.

tion. The actual procedure to compute the temporal average
values of Tt at each point is given in the following paragraph.

After dividing the near wake region into a fine mesh of
rectangular cells, a Tt value of zero has been assigned initially
to each cell corner. As a particle traverses along its path, the
cell corners surrounding the particle at each instant of time has
been identified. To interpolate the Tt values at the cell corners
based on those values along the particle path, a Taylor series
expansion around the point along the particle has been consid-
ered. Thus, as the particle traverses along its path, the indices
of the vertices of the rectangular cells closest to the position of
the particle, the Tt values at these cell corners, and the time of
arrival of the particle at that point are all computed and
stored. This sequence of steps has been carried out for each
fluid particle released from the start to the final time. Thus, a
set of entries (Tt) at each cell corner has been obtained. A
standard sorting routine has been used to arrange the t in
ascending order. Assuming that the Tt value is zero until the
first fluid particle arrived at any cell, and the Tt value remains
constant between the successive arrival of particles carrying
different Tt values into a cell, the time averaged Tt at each cell
corner has been computed.

Figure 8 is the color picture showing the time-averaged Tt
distribution obtained from the instantaneous value of Fig. 7.
It clearly indicates that the periodic hot spots that are apparent
in the instantaneous energy distribution picture of Fig. 7 have
been replaced by a colder distribution of temperatures in the
entire wake. Furthermore, we can also observe that very high
negative total temperature values have been obtained along
the wake center line in the near wake. This implies that tempo-
ral averaging essentially hides the independent hot and cold
regions in the wake and results in the apparent depleted energy
distribution throughout the interior portions of the wake. This
is clearly indicative of the Eckert-Weise effect. Thus, we con-

clude here, as we did previously in Ref. 2, that the Eckert-
Weise effect is indeed a time-averaged effect of the instanta-
neous energy separation that occurs in the wake.

Conclusion
In the present study, three basic unsteady flows have been

investigated. The present simple unsteady vortex model is
shown to be capable of capturing the kinematical features of
the flow involving large scale vortex motion. The important
mechanisms for the unsteady flow phenomena such as energy
separation and aerodynamic cooling, which have caused con-
siderable speculations in the past, have been reconfirmed to be
due to the unsteady vortex motion only. Similar phenomena
should also occur in jets.
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